Abstract-The quality factors of modes in square resonators are calculated based on the far-field emission of the analytical field distribution. The obtained quality factors are in reasonable agreement with those calculated by the finite-difference time-domain (FDTD) technique and Padé approximation method. The emission power in the square diagonal directions for whispering-gallery-like modes in square resonators is zero due to the interference cancellation caused by the odd field distributions relative to the diagonal mirror planes, so they have larger quality factors than the modes with even field distribution.
I. INTRODUCTION

S
EMICONDUCTOR microcavity lasers have attracted much attention and the microdisk lasers have achieved great success [1] , [2] . Recently, there has been interest in microlasers and add-drop filters in polygon resonators [3] , [4] . Square resonators based on square-shaped silica fibers have been used as filters, and high coupling efficiency from a prism to the modes in the square resonators has been obtained [4] . We have analyzed the modes in square resonators and obtained mode frequencies and field distributions [5] , [6] , and found that the quality factors of whispering-gallery (WG)-like modes, which have odd parities relative to the square diagonals, are one-order larger than their accidentally degenerate counterparts [6] . Real single mode operation can be expected in an ideal square microlaser. However, the mode quality factors still need to be calculated by the finite-difference time-domain (FDTD) technique, which is time consuming. In this letter, we analyze the power loss for confined modes by calculating the far-field emission based on the analytical mode distributions, and then calculate the mode quality factors. The results show that the obtained quality factors are in reasonable agreement with those calculated by the FDTD technique and Padé approximation for the WG-like modes.
II. THEORY
A square resonator with side length and refractive index surrounded by air is schematically shown in Fig. 1 , where is the unit vector normal to the sides, and and are position vectors in the -plane for expressing local field distribution and far-field pattern, respectively. The mode field distributions of the WG-like modes are obtained by assuming the diagonals to be zero lines for the magnetic and electric fields of TE and TM modes, respectively [5] , and transverse mode numbers and longitudinal mode numbers are used to describe the WG-like modes. Very recently, we have found that mode frequencies and field distributions for all modes confined in a two-dimensional square resonator can be derived based on Marcatili's scheme [6] , with two mode numbers and indicating the number of wave nodes in the directions of orthogonal square sides. If is unequal to and has the same even-odd characteristics as , there are two accidentally degenerate modes whose distributions can be combined into new ones with definite parities relative to the square diagonal mirror planes. The modes with odd parity belong to the WG-like modes in square resonators, and the mode numbers satisfy the following relations:
Based on the distributions of the electric field for the TM mode and the magnetic field for the TE mode (called field in the following) in square resonators [6] , we can express the field and their normal derivatives at the square sides as (6) where , , and are the unit vectors in the and directions, ( ) is zero or when the mode numbers and are even or odd, and ( ) are the propagation and decay constants in the and directions. They satisfy the following relations: (7) (8) and the mode eigen-equations (9) where or 1 for the TE or TM mode, and is the wavenumber in vacuum. For the TE mode, the normal derivative of the magnetic field takes the value in the external region of the resonator, which is not continuous at the square sides between inside and outside of the square. From the field and their normal derivatives at the square sides, we can deduce the far field as [7] (10) where the time-dependent item is omitted, and (11) where , and the integral is along the perimeter of the square. The power escape from the square resonator averaged in a cycle can be calculated by (12) where for the TM mode and for the TE mode, and is the power angular spectrum. Using the analytical field distribution, we can also calculate the energy stored in the square resonator averaged in a cycle by
where for the TE mode and for the TM mode, and represents the refractive index distribution. Finally, the analytical quality factors can be calculated by [8] (14) where is the mode angular frequency that can be obtained from (9) . The WG-like modes have odd parities relative to the square diagonal mirror planes; from (11) we can expect that for the angles of and , i.e., in the directions of the square diagonals, the escape power would be zero. On the contrary, for the even modes relative to the square diagonal mirror planes, the escape power would be the maximum in these directions. That is the reason why the accidentally degenerate counterparts of the WG-like modes have much lower quality factors. The WG-like modes make the greatest use of the interference cancellation from the field patterns, so they have much higher quality factors than other modes in square resonators.
III. NUMERICAL RESULTS
We consider a square resonator with side length 3 , the refractive index 3.2, and the external region of air. The accidentally degenerate and modes of the resonator can be combined into even and odd modes relative to the square diagonal mirror planes as (15) (16) The mode is also the TE WG-like mode in the square resonator [6] . We plot their power angular spectra normalized by in Fig. 2 . The results show that the diagonal directions are the maximum direction for the power emission of the mode, and the magnitude of the power angular spectrum of mode is two orders larger than that of the mode. So the WG-like mode has a much larger quality factor than the mode. In Table I , we list the analytical mode frequencies from (9) and quality factors from (14) for the WG-like modes with the mode frequencies ranged 160-220 THz. The mode frequencies and quality factors calculated by the FDTD technique [7] and Padé approximation [9] are also listed in the table marked by FDTD. A uniform mesh with the cell size of 20 nm and the time step equal to the Courant limit and the PML absorbing boundary condition [7] were used in the FDTD simulation. In [9] , the resonant frequencies and quality factors of a perfect-metal cavity were calculated with the accuracy up to 0.1% by the Padé approximation method as the spatial step less than one twentieth of the wavelength in the medium was used. However, in the simulation of optical resonators we find that there is a variation of about 1% for the quality factors calculated from the FDTD iteration sequences sampled at different points inside the resonator. This variation may be caused by the PML pseudo-reflection and the large refractive index contrast existing in the optical resonators. In Table I , all the quality factors are rounded with three significant digits reserved. The differences of the mode quality factors calculated by the two methods are less than 20% for the most WG-like modes, and the largest difference is about 50%. Using the field distribution calculated by the FDTD technique, we can get the same quality factor from (14) as that obtained from the field spectrum calculated by the FDTD technique and Padé approximation. So the difference of the quality factors in Table I is caused by the difference between the analytical field distribution and the numerical field distribution, instead of the far-field emission method. The quality factor calculated by the far-field emission and the mode wavelength of WG-like modes are plotted as functions of the longitudinal mode number in Fig. 3 for the fundamental and the first-order transverse modes. The mode wavelengths are normalized by the square side length. The quality factor versus the longitudinal mode number has a similar trend for TE and TM modes.
IV. CONCLUSION
We have calculated quality factors for WG-like modes in square resonators based on the far-field emission of the analytical field distribution. The results show that the interference cancellation for far-field pattern in the square diagonal directions causes the WG-like modes to have low radiation loss and high quality factor. The obtained quality factors agree reasonably well with those calculated by the FDTD technique and Padé approximation.
